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Abstract 

Recent progress on scattering amplitudes has benefited from the mathematical technology of 
symbols for efficiently handling the types of polylogarithm functions which frequently appear in 
multi-loop computations. The symbol for all two-loop MHV amplitudes in planar SYM theory is 
known, but explicit analytic formulas for the amplitudes are hard to come by except in special limits 
where things simplify such as multi-Regge kinematics. By applying symbology we obtain a formula 
for the leading behavior of the imaginary part (the Mandelstam cut contribution) of this amplitude 
in multi-Regge kinematics for any number of gluons. Our result predicts a simple recursive structure 
which agrees with a direct BFKL computation carried out in a parallel publication. 
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I. INTRODUCTION 

Scattering amplitudes in gauge theories are complicated quantities even in relatively 
simple cases such as planar M = 4 supersymmetric Yang-Mills (SYM) theory and despite 
the dramatic recent improvements in our understanding of the mathematical structure of 
this theory. Some of this complication is unavoidable, since they depend non-trivially on 
many independent variables, and necessarily do so in terms of complicated functions: at 
weak coupling they can be expressed in terms of certain transcendental functions, and at 
strong coupling they compute minimal areas in anti-de Sitter space with prescribed boundary 
conditions (see Ref. [1]). Moreover at any coupling they apparently compute the expectation 
value of polygonal Wilson loops with lightlike edges, when suitably defined (see Refs. [l-6]). 

Pioneering progress towards taming at least some of this complexity has been made in 
Ref. jll by the introduction to the physics literature of the notion of the symbol of a general- 
ized polylogarithm function (see Ref. js|). The symbol encapsulates much of the physically 
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relevant information about an amplitude while simultaneously trivializing all of the func- 
tional identities which render it nearly impossible to work with polylogarithm functions 
directly. In particular the application of symbol technology (or "symbology") enabled the 
determination of a relatively simple "one-line" analytic formula for the two-loop 6-particle 
MHV amplitude in Ref. |7| (which had been evaluated numerically in Refs. 0-0 and an- 
alytically in terms of several pages of polylogarithm functions thanks to the heroic effort 



of Refs. 
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13J). Let us emphasize that symbology is a mathematical tool not restricted 



n 



to SYM theory; see for example Ref. [14j for a successful application to top quark pair 
production in QCD. 

In recent work explicit results for the symbols of further amplitudes in SYM theory have 
started to accumulate in the literature, including the two-loop MHV amplitudes for all n 
in Ref. 

NMHV amplitudes for 6 and 7 particles respectively in Refs. 



. 0, the th.ee-.oop 6-particle MHV an.plitnde in Ref, Qfl, and the two-.oop 

and [17J. Before proceeding 

let us note that that new techniques such as those developed in Refs. 0, seem to hold 



promise for generating much more data. 

Unlike the case studied in Ref. [?J , none of these amplitudes can be expressed in terms of 
the classical polylogarithm functions only. Despite this additional complexity it remains a 
very interesting open problem to find fully analytic formulas for these amplitudes in terms 
of generalized polylogarithms (see Ref. 20j for a possible algorithm towards this end). 

Given this complexity we are led to study various limits in which the answers simplify and 
then to hope that more general lessons can be extracted from them. One way to simplify 
the problem is to consider the special case when the 4-momentum of each particle (or 



equivalently, all edges of the corresponding Wilson loop) lies in a common 



;wo-dimensional 
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- |24J ] ) and strong 



space. This has enabled some very simple results both at weak (see Refs. 
coupling (Ref. [25| ) . 

Another limit in which scattering amplitudes simplify is in multi-Regge kinematics, a type 
of high-energy limit in which some kinematic invariants become much larger than others in 
a particular way described below. In the multi-Regge regime scattering amplitudes are 
expressed as an expansion both in powers of the coupling constant g 2 N c and in powers of 
log(s/so) where s is some large kinematic invariant. The coefficients of this double series 
expansion are functions of the remaining finite kinematic invariants. The interested reader 



may consult Ref. 



261 ] for a pedagogical introduction. We will be working in the leading 



logarithm approximation, in which the effective summation parameter g 2 iV c log(s/so) is of 
order of unity. The choice of so is then immaterial, and since all of the quantities we discuss 
will be dual conformally invariant and so depend only on cross-ratios (see Refs. 27|, |28| |) 



we will always be able to choose to express the expansion parameter as log(l — u) for some 
cross-ratio u which is approaching unity. 

In the Euclidean region where all energy invariants s„ are negative the multi-Regge 
behavior of MHV amplitudes is consistent with the BDS ansatz of Ref. 29( to all orders (see 



Refs. 



3CH32I]). However it was pointed out in Ref. 33j that in other regions the BDS ansatz 



is violated due to the presence of Mandelstam cuts. The difference between the actual MHV 
amplitude and the BDS ansatz is called the remainder function. In those other regions some 
energy invariants Sjj become positive. This requires an analytic continuation whose effect at 
the level of cross-ratios is to multiply each one by some phase. This analytic continuation 
reveals the contribution from the Mandelstam cuts, which dominate over Regge poles in the 
remainder function, and behave at L-loop order like log L_1 (sjj/so), or log L_1 (l — u) when 
properly assembled into cross-ratios. 

Let us note that the expansion of amplitudes in log(l — u) bears some superficial re- 
semblance to the Wilson loop OPE expansion which has been studied quite fruitfully in a 
number of recent papers (see Refs. 24], I34H371]). In that case the expansion is taken in a 
variable r which parameterizes the approach to a collinear limit. Despite the similarities, 
we emphasize that the two expansions are different in that they apply to different kinematic 
regions. 

The discontinuities of MHV amplitudes in multi- Regge kinematics have been further 



oop 



45]. 



studied in several recent papers (see for example Refs. [38H44I] ) . and for example an all 
prediction for the real part of the discontinuity in the case of 6 particles appeared in Ref. 
The multi-Regge behavior of amplitudes is of particular interest since it is expected (see for 
example Refs. [33j,l38() to be universal for all gauge theories, thereby providing an interesting 
opportunity for applying results from SYM theory directly to QCD. 

The main result of this paper is an analytic formula for the leading-log approximation 
to the Mandelstam cut contribution for all MHV amplitudes at two loops in a particular 
Mandelstam region (one corresponding to physical 2 — > 2 + (n — 4) scattering). We obtain 
this result by extracting it from the symbols of the corresponding SYM theory super- Wilson 
loops constructed by Caron-Huot in Ref. [3] using an extended superspace. We find a very 



simple answer which is valid for an arbitrary number of particles and which is in perfect 
agreement with the result due to Bartels, Kormilitzin, Lipatov and Pryjrarin in the parallel 



publication [46] based on a direct BFKL computation (see Refs |47H50l|). Since our SYM 
theory result implies a definite prediction for the corresponding quantity in QCD, this work 
provides a second application of symbology to LHC physics following the pioneering work 
of Robert Langdon. 

In Sec. [Til we review a few important features of the well-studied n = 6 particle amplitude 
before outlining the steps of our computation for general n in Sec. IIHI The final symbological 
prediction for the amplitude is presented and discussed in Sec. |TV1 

II. INVITATION: THE SIX-PARTICLE AMPLITUDE 

In order to set the stage for what follows let us briefly recall the story for the two-loop 
n = 6-particle MHV remainder function in the multi-Regge kinematics, which has been 
studied in several recent papers. This function depends on three independent cross-ratios 

u ^ = (-S6l)(-S34) ^ = (-S 12 )(-S 45 ) ^ = (-S23)(-S56) ^ 

( — •S 2 34)( — S345) ( — Si23j( — S345) ( — Si23j(— S234) 

where Sj... = (pi+- ■ ■ ) 2 . Let pi,p 2 denote the incoming particles andp 3 ,p4,p 5 ,p 6 the outgoing 
particles. In the multi-Regge kinematics we have 

|si 2 | > |s 3 45|, |sm| > IS34I, I S45 1 , \sm\ > |s234|, I s 2 3 1 , |sei| (2) 
and the cross-ratios approach 

u 25 -> 1", u u , u 36 ->■ + (3) 

with w 14/ (1 — M25) and usg/(1 — U25) finite. It is conventional to parameterize the kinematics 
in terms of U25 and two finite parameters w, w according to 

/ \ tviv 1 

(l+w)(l + w) (l + w)(l + w) 

Note that w and w are not independent as they satisfy a quadratic equation with real 
coefficients, but they need not necessarily be complex conjugates. 

To reach the Mandelstam region of interest for 2—7-2 + 2 scattering we begin in the 
Euclidean region where all of the s... invariants appearing above are negative and then 'flip' 



(that is, reverse the sign of the momentum of) particles 4 and 5. This leaves Uu and u^q 
unchanged while U25 develops a phase 



U25 -> e 27ri u 25 . (5) 

The analytically continued remainder function picks up an imaginary part from the Man- 
delstam cut contribution, whose behavior at two loops in multi-Regge kinematics with 
W25 = 1 — 0(e) was shown in Ref. [4l| to be 

itf = % ^^-Mv), ©) + O(e ), f 6 (w, w) = log |1 + w\ 2 log |1 + l/w\ 2 (6) 

where |1 + w\ 2 is shorthand for (1 + w)(l + w), etc. 



III. OUTLINE OF THE CALCULATION 



Our goal is to generalize Eq. (J6j) by obtaining an explicit formula for the leading logarith- 
mic behavior of the Mandelstam cut contribution to the two-loop n-particle MHV remainder 
function R n in a region corresponding to physical 2 — > 2 + (n — 4) scattering; that is, the 
one in which all n — 4 produced particles have their momenta flipped. 

For n > 6 we do not yet have at our disposal an explicit formula for the amplitude like 
the one in Ref. [7| from which Eq. ([6]) was extracted. Instead we begin with the symbol 
S[R n ] of the two-loop MHV remainder functions in SYM theory derived in Ref. [15| for all 
n. Our calculation proceeds in two steps. 

(T ) T he results of Ref. [15| are expressed in terms of momentum twistor variables (see 
Ref. [51;)). Although it in principle possible to reexpress everything in terms of cross-ratios 
(see appendix A) it seems much more natural and efficient for us to simply work out a 
parameterization of momentum twistors in multi-Regge kinematics, which we present in 
HI Al (A spinor helicity parameterization of the multi-Regge kinematics was used 



Section 
in Ref. 52] 

(2) Then we must isolate the appropriate imaginary part of the amplitude at the level of 
the symbol. As reviewed above, the imaginary terms in the physical region are generated by 
transformations of the form u — > e^u acting on cross-ratios. In Section IIIIBI we show that 
for any n only a single cross-ratio develops a non-zero phase in the physical region where 
particles P4, . . . ,p n -i have their momenta flipped. Furthermore we show that the (symbol of 



the) imaginary part of the amplitude in this region may be computed by simply isolating all 
terms in Ref. 15j which contain the momentum twistor invariant (123n) in their first entry. 



A. A Momentum Twistor Parameterization of Multi-Regge Kinematics 

We consider 2—7-72 — 2 scattering, or the corresponding Wilson loop. It is convenient to 
use light-cone coordinates 

p ± =p Q ±p 3 , (7) 

and transverse coordinates p = (pi,P2) which we occasionally combine into the complex 
combination p = p 1 + ip 2 . Then the norm and the scalar product are defined by 

p 2 =p + p~-f?, p ■ q = ^p + q~ + ^jP~q + - p- q. (8) 

Without loss of generality we choose the incoming particles p\ and P2 to define the light- 
cone directions. In components this reads 

Pi = (0,Pi~>0), p 2 = (p^,0,0), Pj = (p},Pj,ifj), (9) 

for j = 3, . . . , n. 

To parameterize the multi-Regge kinematics we begin with a generic configuration which 
we then deform by a parameter e such that the multi-Regge region is approached in the 
limit e — > 0. The appropriate scaling of the momenta for j = 3, . . . , n is given by 

p+ = 0(e~^), pj = 0(e^-n, p . = 0(e o ); (1Q) 

which means that the produced particles are strongly ordered in rapidity (\pj\ S> ■ ■ ■ \Pn-i\ ^ 
\Pn \ and \pz \ < . . . < \p~_ x \ < \p~\). 

We insert the explicit powers of e necessary to implement Eq. (flOj) to parameterize the 
momenta for j — 3, . . . , n in spinor notation p a6l = p^cr^ as 




Pi= . 1 n+ s \ . J = 3,...,n (11) 



in terms of the quantities (pt,Pj , Pj) which are held fixed, subject to the on-shell constraint 
p~j~pj = |p| 2 - Momentum conservation then determines 



and of course requires 



5>,=0. (13) 

i=3 



Now we choose spinors X a , A„ such that p a a = Aq,A c 



Ai = Ai ~ I " I, A 2 = A 2 ~ I I . CI I) 




*i= H„ ,,3 ... • A, v J n ,, 3 jjt . (15) 



where we have used the notation <pj = argp.,-. Note that for particles 1 and 2 it is sufficient 
to keep in Eq. (fTTT) (and hence in Eq. (HM ) the leading term as e — > 0. 

Next we compute the dual variables Xi defined by pi = Xi—Xi-i with the overall translation 
invariance fixed by choice x n = 0. These dual variables can be written in terms of momenta 
as Xj = J2l=iPk- Using the expressions from Eq. (1111) we have 











%n 1 






|, »,= ( 













_n-3 T-—y n _ 
' 2 2., ■J>j< ' 



(16) 



, = \ 6 2 ^=i+i p fc efc 3 ELaPfe j (17j 

• ! I r-sj * "~ 3 - n— k ' 

It may be tempting at this point to again keep in each individual entry only the leading 
term in the limit e — > 0. This however would make certain momentum- twistor invariants 
vanish identically Since we need to keep track of the leading behavior of every independent 
invariant it is essential not to truncate the expansion of Eq. (Tl6|) prematurely but rather to 
keep all orders of e in the computation of the x's. 

With these ingredients we can compute the fi components of the twistors, which are 
defined by /ijQ, = — \?Xi a a = \i a £ al3 Xii3a = (Af -e-Xij.. Again when computing /ij it is 
imperative to avoid the temptation to keep only the leading term in e. 

Finally once we have both Aj and /ij we can assemble them into the momentum twistor 
Zi = {\ a i^ia)- Note that the Z's are projectively invariant, that is, for every non- vanishing 
t, tZ is equivalent to Z. We use this projective invariance to set the first non-vanishing 
component of each Z t momentum to one. 
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In this manner we finally obtain the following momentum twistor parameterization of the 
multi-Regge kinematics: 

/ i \ M / i \ 



n — 3 

e 2 a r 



V o J 



1 



w 






\-E fe =3«fcPfc e 2 7 
\ 



(18) 



e 2 ^a. 



Ei= 3 Pfc + a i £ 



,fc-2 



n + 3 

-e 2 



, n — 1 



(19) 



in terms of 



a,' 



PlPj 



(20) 



Armed with the Zi we are able to compute, in terms of the a's andp's, the leading e — > 
behavior of all quantities appearing in the symbols derived in Ref. 15[. These include the 
elementary four-brackets 

(ijkl)=det(Z i Z j Z k Z l ) (21) 
as well as the more complicated intersection forms 



(ab(ijk) n (Imn)) = (aijk)(blmn) — (bijk)(almn), 
{a(ij)(kl)(mn)) = (iakl){jamn) — (jakl){iamn). 



(22) 
(23) 



B. Mandelstam Regions 

As discussed in Ref. [33 1 for planar amplitudes in direct channels (when all energy invari- 
ants are positive) the Mandelstam cut contributions cancel in the multi-Regge kinematics. 
However, in other regions (Mandelstam regions) this does not happen, leading to the vi- 
olation of a simple one-loop exponentiation ansatz suggested by the BDS ansatz. The 
Mandelstam regions are obtained by making some of the energy variables change their sign. 
For example for the n = 7 particle amplitude one can consider the 2—7-5 amplitude in a 
kinematic region analogous to the one shown in Fig. [1] with the three produced particles 
4, 5 and 6 being flipped as depicted in Fig. |2j The components of the flipped momenta 



FIG. 1. A heptagonal light-like Wilson loop projected onto the (+, — )-plane. The j-th edge vector 
is the momentum pj of particle j in the corresponding scattering amplitude. In this region the 
remainder function vanishes in multi-Regge kinematics. 




FIG. 2. The Wilson loop of Fig. [T]with the edges corresponding to particles 4, 5 and 6 being flipped 
to a positive energy region. In this region the Mandelstam cut gives a logarithmically divergent 
contribution to the remainder function in multi-Regge kinematics. 



change sign and the amplitude becomes kinematically non-planar (its projection onto the 
(H — )-plane cannot be drawn as a non-intersecting curve) while still being planar in color. 

Our goal in this section is to understand how to isolate the imaginary part (the Man- 
delstam cut contribution) given only the symbol S[Rn ] of the remainder function we are 



interested in. The analysis of this section therefore generalizes the discussion of 16], in 
which the case n = 6 was considered. For general n there are |n(n — 5) multiplicatively 
independent cross-ratios of the type 



U: 



rp 2 ™ 2 

2 2 ' 



2 < \i - j\ < n — 2 



(24) 
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where = (xj — Xj) 2 in terms of the dual variables Xi reviewed above (only 3n — 15 of the 
Uij are algebraically independent in four dimensions due to Gram determinant constraints). 

The symbol <S[i?n^] constructed in [jj]] contains, in its first entry a larger population of 
objects called Uijki, but each of these can be uniquely expressed as a monomial in the u^. 
The multiplicative independence of the latter implies that there is a unique decomposition 
of the symbol as 

S[R^]=Y,^®U l3 (25) 

ij 

where each of the Ui/s is a symbol of degree 3. Next we recall that the symbol of the 
discontinuity A u f of a function / in a given channel u can be found by isolating the terms 
in its symbol S[f] with u in the first entry and stripping off that entry. Multiplying the 
result of this procedure by — 2ni then yields the symbol S[A u f]. 

Hence all we need to do is determine which of the Uij develop a phase as particles 4 
through n — 1 are flipped. When we flip all n — 4 produced particles in the 2 — > n — 2 
amplitude we find a discontinuity in S4 i ... ) „_i = x 2 n _ l . The invariant x 2 n _ l enters several 
different Uij, each with various other x's. However it is clear that only those invariants 
which span the n — 4 produced particles (or a subset of them) change sign to positive, 
since the invariants which include the colliding particles n, 1, 2, 3 do not change their energy 
components. Therefore amongst all of the Uij containing the invariant x 2 n _ l , only 

x 2n x 3,n-l S3-n s 4:—n-l / oc \ 
U 2 ,n-1 = — — = (26) 

X 2,n-l X 3n s 3---n-l s 4---n 

changes phase. Interestingly, this is also the single which approaches 1 most quickly 
in the multi-Regge kinematics: from the results obtained in the previous section it can be 
shown that 

l-u 2) „-i = 0(e n - 5 ), (27) 

while all other cross-ratios that tend to unity do so no more quickly than 0(e n ~ 6 ). 

Having concluded that only «2,n-i develops a phase in the Mandelstam region of interest, 
the symbol of the imaginary part of the remainder function in this region is given simply by 

S[R^] = -2mU 2n ^ (28) 

in terms of the decomposition in Eq. (|25|) . As a practical matter we note that it is trivial to 



read off U2 n -i from the Mathematica file accompanying Ref. 
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151 ] because the four-bracket 



(123n) serves as a unique signature for U2, n -i- By this we mean that (123n) appears only 
in the cross-ratio 

_ (123n)(34n-ln) 
M2 '"- 1_ (134n) (23 n-ln) 1 j 

and not in any other Uij. Therefore in order to compute the coefficient Um-\ in the symbol 
it is sufficient to discard all terms in the symbol which do not have (123n) in the first entry 
and simply strip off the leading (123n) from those that do. 



IV. RESULTS 



At this stage all that remains is to take the e — > limit of Eq. ( 1281) evaluated on the 
momentum twistor parameterization constructed in Sec 1111 Al Such a limit may be safely 
taken at the level of the symbol by simply replacing each entry in the symbol by its leading 
order contribution at e — > 0. 



A. Consistency Checks 

At L loops we can only have a divergence like log L_1 (l — u), so it is expected that the 

(2) 

two-loop amplitude Rh should diverge only logarithmically 

R m ^ -2m log e Gi 2) + 0(e°) (30) 

(2) 

where G n is a finite transcendentality two function. This expectation already demands two 
very non-trivial properties of Um-\ in multi-Regge kinematics. First of all it forbids from 
the symbol S[U2 n -i] any terms of the form 

e <g) e <g) e, e(g)e(g>a, e(g)a(g>e, a <E> e Cg> e (31) 

for any a, as these would correspond to log fc e divergences for k > 1. Secondly, the factor- 
ization of Eq. ( 13 Op as a product of log e times a finite function requires that all terms in the 
symbol U2 n -i with only a single e must appear in the special form 

e<g>a<g>& + a<g>e<g>& + a<g>&<g}e = eLUa<g}6 (32) 

of a shuffle product of e times some degree two symbol a®b. After verifying the properties 
shown in Eqs. (13T|) and (|32|) this remaining degree two symbol is that of the function Gn^ 
appearing in Eq. fj30|) . 
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B. The Main Formula 



Our final result for the Mandelstam cut contribution to the two-loop 2 — > 2 + (n — 4) 
MHV remainder function in the leading logarithm approximation is 



in log e 



n-2 
i=4 



x 23 x i,n-l 



x 2i x 3,n-l 



log 



x 2,n-l x 3i 



x 2i x 3,n-l 



O(e ) 



(33) 



or equivalently 



in log e 



n-2 
i=4 





P3 


2 


Pi+1 H h Pn-l 


2 


|P3 + • • 




+ Pi 


2 


P4 H h Pn-l 


2 



log 



|P3 H ^Pn 


-1 


2 


p 4 H h Pi 


2 


P3 H h Pi 


2 


P4 H h Pn-l 


2 



+ O(e ). (34) 



Strictly speaking this is a conjectured result based on explicit calculations we carried out 
for all values of 6 < n < 17. However, it is known that two-loop results for MHV scattering 
amplitudes and Wilson loops, when expressed in terms of a basis of integrals, have a form 
which stabilizes at a low number of points. This fact makes it clear that the form of the 
remainder function, and any of its limits, should have a similar property. Also, as discussed 
below, from knowledge of the symbol alone we cannot exclude the possibility of an additive 
term proportional to 7r 2 in these formulas; we omit such a term above because the direct 



BFKL calculation shows it to be absent 



46 1 



In order to facilitate comparison with a traditional BFKL calculation let us note that the 
large logarithm — log e may be traded for Mandelstam invariants via the relation 

1 



log(s 12 /s n 



123 i 



loge 



(35) 



which can be derived from the kinematics described in Sec. Ill I Al 

Notice that the two cross-ratios inside the logarithms in Eq. f l3"3"|) are related since they 
are obtained from the same four points: 2, 3, i and n — 1. This makes it is possible to rewrite 
the answer in the extremely simple recursive form 

n-2 

(36) 



^, = «[tog£^ /8KtDi) + 0(c o )) 



with 



i=4 

_ x 2,n-l x 3i 
x 23 x i,n-l 
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(37) 



and fe denned in Eq. (jSJ). Note that for n = 6, here is the same as the w used in Eqs. (j4]) 
and ©. 



As will be explained in the parallel publication |46j, the reason for this recursion is the 
fact that all produced particles are of the same helicity and the effective emission (Lipatov) 
vertices are built in such a way that adding the emission of one additional particle cancels 
the adjacent (purely transverse) propagator. Therefore at one and two loops the result can 
be easily obtained merely by redefining the transverse momenta of a bunch of the emitted 
particles that shrinks to a single emission point in the transverse space. 

Let us now comment briefly on the symmetries of the answer. The remainder function 
has a dihedral symmetry acting on the particle labels. However, the multi-Regge limit 
treats some particles specially so the whole dihedral group is broken to a single non-trivial 
generator which fixes the vertex x\. Under the action of this generator the vertices are 
permuted as x<i -H- x n , x% <-> x n _i, etc. This action can also be written more concisely as 

Xi y-T X2~i (mod n)- 

Under the action of this symmetry generator the vertex X2 gets mapped to x n so it would 
seem that the cross-ratios Wi get transformed into something entirely different. However, we 
should remember that for our multi-Regge kinematics xx = x 2 = x n = 0. Keeping this in 
mind we have that the remaining symmetry generator acts as Wi — » (u>2-i (modn))" 1 - Since 
f6(w,w) = ^(w" 1 ,)!)" 1 ), we obtain that the result in Eq. ( |36|) is invariant. 

The Lorentz group is also broken by the choice of kinematics. The Lorentz transforma- 
tions which preserve the multi-Regge kinematics act in the transverse space as Xj — > e^Xj. 
We also have translation symmetry Xj — > x, + a and dilatations X, —>• pxj. Finally, there 
is a parity transformation Xj — > x*. The inversion transformation acts on the transversal 
coordinates as x 5 - — > but it does not act in a simple way on the cross-ratios in transverse 
coordinates. 



When Xj — > X3 or x^ — > x n _i, the cross-ratios Wj become infinite or vanish. However, we 
don't expect any singularities to appear in these limits and, indeed, the answer we obtain 
has a smooth limit when x^ — > x 3 or x^- — > x n _i. 

14 



C. Beyond-the-Symbol Terms 

The symbol only captures the leading functional transcendentality part of the answer, so 
it is important to ask if our result might be missing any "beyond-the-symbol" terms. Since 
we have a function of transcendentality degree two, any missing additive contributions ought 
to be of the form tt x log or tt 2 , multiplied by rational coefficients. 

Under the assumption that only the transverse cross-ratios can appear as arguments of 
the logarithms, it is easy to see that we will always get unwanted singularities when Xj — > x& 
for some j and k. So we we can exclude terms of the form tt x log where the arguments 
of the logarithms are transverse space cross-ratios. However, this argument cannot exclude 
the possibility of an additive constant proportional to tt 2 . 



Appendix A: Expressing Composite Four-Brackets in Terms of Uij Cross-Ratios 



The two-loop n-point remainder function is parity even so it should be possible to ex- 
press it in terms of familiar cross-ratios like u%j which are parity even. However, the form 
obtained by Caron-Huot in Ref. 15] is written in terms of momentum twistors and it is not 
immediately clear how to convert it to a form containing only w^-type cross-ratios. In this 
paper we have computed the multi-Regge kinematics directly from the momentum twistors, 
without converting to Mandelstam invariants x?- first. 

We comment here on cross-ratios containing the most complicated type of composite 
four-brackets, (ii + l(j — ljj + 1) fl (k — lkk + 1)). Consider in particular the quantities 

_ (ii + l(j - ljj + l)n(k — lkk + 1)) _ _ (i - lii + li + 2) (ii + ljk) 

X ~ (ij - ljj + 1) (i + lk - lkk + 1) ' X ~ (i-lii + lj)(ii + li + 2kY ^ ' 

_ {ik-lkk + l){i + lj - ljj + 1) __ {ii + li + 2j)(ki-lu + l) 

X (ij -ljj + l)(i + lk-lkk + l)' X ' (i-lii + lj){ii + li + 2ky [ ' 

where the bar means parity conjugate. Recall that parity conjugation in momentum twistor 
space is defined by 

Zj-x A Zj A Z i+1 

A ^ (<-K><« + i> (A3) 

where the denominator involves the spinor helicity product = e a p\f\^. Note that in 
our conventions we have 

4 = + + (A4) 

v + 1)^ + 1) ^ > 
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Then using 



(ii + li + 2j)(i + lj + = 

(it + + + 2)0' - ij)W + iH^-i^+ij - 4-i^+i4) ( A5 ) 

and 

(ii + ljk)(ii + l(j - ljj + l)n(k- lkk + 1)) = 

(ii + l) 2 (j - + l)(k- lk)(kk + l)(-^|x? jfc x|_ 1)fc _ 1 + x\x\ k _ x x)_^ k + 

2 22 2 2 2 "\ f A 

X i,j-l X ik X j,k-l X i,j-l X i,k-l X jk) l AD J 

we get the following system of equations 

(,-yi 2 ™ 2 ™ 2 ,-v»2 \ / ™2 ,y»2 /y>2 ,y»2 \ 

{I — X){i — X) — — g 2 _ „2 12 \7Z2 12 _ ™2 „2 \> V A '/ 

,y> 2 / /v»2 ™ 2 ,y» 2 ™ 2 ,y,2 ™2 I , y . 2 ™ 2 2 / y-» 2 ™ 2 ™ 2 \ 

^_ _ • h i-l,i+l\- l 'ij Jy i,k-l- l 'j-l,k ^ij^ik^ j-l,k-l ' ^i^-l^ik^ j,k-l ^ij-l^ifi-l^jk) 

(rv> 2 rp 2 i~Y> 2 2 \ ( rp 2 ,-ya 2 , y> 2 , yi 2 \ 

^i-lj^ij-lA^fc-l^i+nfe ^ik^i+l^-l) 

(A8) 

which determine the cross-ratios x and x explicitly in terms of the Mandelstam invariants 
x\y Of course, there is an ambiguity in solving this system of quadratic equations, but the 
remainder function should be independent on the choice of solution. It is easy to rewrite 
the above system in terms cross-ratios of type Uij. Needless to say, however, the resulting 
expressions for x, x become very complicated. 
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